Introduction with feedback controller
MaxiMum Entropy controller synthesis was developed specifically for the robust control of flexible structures. The foundation of the approach was laid in a series of technical reports and conference papers [1] [2] [3] [4] while subsequent investigations of the method illustrated its robustness and performance properties [5] [6] [7] [8] [9] [10] . These studies culminated in the experimental application of the technique to structural control testbeds (11] .
Although the onrginal rationale for the Maximum Entropy approach was based upon stochastic arguments, recent research has sought to develop a deterministic Lyapunov function framework [12] [13] [14] . A complete theoretical framework for the Maximum Entropy method is, however, not yet available. The goal of this paper, therefore, is to facilitate the development of such a framework by providing well-documented numerical examples that illustrate the characteristics of the method. We feel that such illustrative examples are of value to researchers seeking to understand the method and the promising experimental results already obtained by using it [11] .
The examples we consider in this paper were chosen to contrast the properties of Maximum Entropy controllers in two key cases, namely, colocation and noncolocation. with nonzero-elements corresponding to the sth mode. Now, in place of (9) To perform the optimization, we used the MATLAB subroutine fmninu, which implements the BFGS quasiNewton algorithm. The search algorithm was modified to ensure closed-loop stability within the line search subroutine. As in the W2 / ?4. synthesis [15, 16] and the homotopy methods [10,171 we initialized the optimization routine with the standard LQG solution. In addition to the optimization routine we used the algorithm developed in [18] for solving (13) and (15) . 3 Illustrative Example: Colocated Case
The -first example is a two-mass system with' a colocated sensor/actuator pair as shown in Figure 1 , where the measured output yc is the velocity of mass M1. The dynamics of the system are given by Mlgl Ci4i + Klql = u+C2 (42-q1) +K2 (q2-ql) (19) M2g, + C2 (42 - 
with the parameter values given in Figure 1 . Letting xi = ql, X2 = qi, Z3 = q2, and X4 = j2, the plant can be described by Equations (1) (17) and D2 is unchanged from (23). The performance criterion was chosen so that LQG synthesis would place a notch at the second mode. This is accomplished when (18) + 2Q2CTETF0
The expressions (16)- (18) follow from the fact that the cost gradients are equal to the gradients of the Lagrangian [16] . Figure 2 ). Since we are concerned with the dosed-loop consequences of uncertainty in the second damped natural frequency, one potential solution would be to apply a positive real compensator to guarantee dosed-loop stability [19] . In Table 1 and Figure 3 we compare the standard LQG design to three Maximum Entropy designs, where the only parameter that is varied iS 82, which is a measure of the magnitude of the uncertainty 62 in the second damped natural frequency. The Maximum Entropy controller, with a small measure of uncertainty 62, first adjusts the phase so that the controller is stable, then continues to alter the phase as 62 increases, Yielding positive real controllers as 62 becomes large. Note that this change in phase increases the phase margin at the second mode, as seen in Figure 4 . The increase in robustness obtained by increasing8was also assessed by determining the range of values of a2 for which the closedloop system remains stable. This range of values, which increases with 82, is given by the last column of Table 1 and is illustrated by the performance/robustness tradeoff curves shown in Figure 5 .
It is important to stress that, although the use of positive real controllers in the colocated case is standard practice to achieve robustness [19] , the Maximum Entropy method is the only technique we know of that yields such controllers as a direct consequence of uncertainty.
Illustrative Example: Noncolocated Case
In the second example we examine the same two-mass system as in Section 3. However, in this example the sensor/actuator pair is noncolocated, so that in place of (21) the measured output is This increase was used to enhance the notching characteristics of the LQG compensator and to better demonstrate the properties of the Maximum Entropy controllers. As will be seen, this increase also led to the use of lower values of 8z to achieve levels of robustification comparable to these obtained in the colocated case.
Since the plant is not positive real, the Maximum Entropy method can no longer guarantee closed-loop stability by adjusting the phase of the compensator. Instead, the method robustifies the LQG design by widening and deepening the notch at the second mode. In addition, it can be seen that the center notch frequency moves to the right, which makes the stability region asymmetric for larger 62. On the other hand, we found that the notch can be centered at the nominal damped natural frequency by decreasing the nominal design frequency. However, experience shows that this approach also does not necessarily lead to a symmetric stability region. We suspect that the notch center frequency moves to the right to avoid possible overlap with the lower modal frequency. For these designs the performance/robustness tradeoff curves are shown in Figure 5 and the stability boundaries are given in Table   2 .
Despite the fact that phase no longer appears to be the principal means of robustification, the Maximum Entropy synthesis method does adjust the phase of the compensator in the noncolocated case. In particular, ash 8 increases, the compensator transitions from minimum phase to nonminimum phase, as seen in Figure 3 . This change in phase increases the phase margin near the second mode (see Figure 4) as in the colocated case. The potential advantages of employing a nonniinimum phase notch filter for a noncolocated system with multiple crossover frequencies (such as a structure) are discussed in [20] and [21] . 5 
Conclusions
The purpose of this paper was to contrast the robustness of Maximum Entropy controllers in the colocated and noncolocated cases, and to demonstrate a new computational technique for Maximum Entropy controller synthesis. Based upon these examples, we can conclude that Maximum Entropy controllers tend toward phase stabilization in the colocated case and employ robustified notch filters in the noncolocated case to achieve the robustness properties shown in Figure 5 . The starting point for these designs was LQG theory, which, in this case, yielded rather sensitive controlers. There 
